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Abstract. We provide a characterization of the Banach spaces X with a 
Schauder basis {en)„gpi which have the property that the dual space X* is 
naturally isomorphic to the space £diag(Ar) of diagonal operators with respect 
to (e„)„gp}. We also construct a Hereditarily Indecomposable Banach space 
Xd with a Schauder basis (e„)„gf^ such that dt*^ is isometric to £diag(.^i3) 
with these Banach algebras being Hereditarily Indecomposable. Finally, we 
show that every T S C^i^g(X£i) is of the form T = A/ + K, where K is a. 
compact operator. 
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1. Introduction 

The starting point of this paper is a result connecting the dual space X* of a space 
X with a Schauder basis (e„)„gN, with the space Cdiag(X) of the diagonal operators 
with respect to this basis. We recall that C^ig_g_{X) is the commutative subalgebra of 
C{X) containing all bounded linear operators T satisfying Te„ = A„e„, n G N, for a 
sequence (A„)„gN of scalars. As is well known, if the basis (e„)„gN is unconditional, 
the algebra £diag(X) is homeomorphic to the algebra ^oo(N). Our result asserts 
that, under some natural assumptions, the spaces X* and Cd\ag{X) are isomorphic. 
There are classical spaces, such as the space c(N) of all convergent sequences with 
the summing basis, that satisfy these conditions and thus the structure of the space 
of the diagonal operators acting on them is completely described. In particular, for 
the space X — c(N) with the summing basis, we obtain that £diag(X) is isometric 
to ^i(N). Our first main result is the following. 
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Theorem 1.1. Let X be a Banach space with a Schauder basis (e„)„gN- The 
following are equivalent. 

(1) The map e* i— > e* (8) e„ can be extended to an isomorphism between X* 
and £diag(-'^)- 

(2) (a) The basis (e„)„gN dominates the summing basis. 

(b) The norm in X* is submultiplicative (i.e. there exists C > such that 

n n n 

|IEa.Ae*|| <C.||E«.e*||.||EAe:||.) 

i—l i—1 i—1 

The above theorem essentially concerns conditional bases of Banach spaces. In- 
deed, assuming that (e„)„gN is an unconditional basis, condition (2) (a) yields that 
(e„)„gN is equivalent to the standard basis of ^i(N). 

As a consequence of Theorem 1.1 we obtain the following. 

Theorem 1.2. For every Banach space Z with an unconditional subsymmetric 
basis {zn)neN there exists a Banach space X with a Schauder basis (e„)„gN such 
that Z* is isomorphic to a complemented subspace of Cdis^giX). 

Theorem 11.11 also yields the existence of a variety of Banach spaces X with a 
Schauder basis (e„)„gN sharing the property that X* is isomorphic to Cdmg{X). In 
particular, using a slight modification of the James tree space (|15j). we obtain the 
following. 

Theorem 1.3. There exists a Banach space X with a Schauder basis (e„)„gN such 
that X* is isomorphic to £diag(^), X* is nonseparable and does not contain £i{N) 
or co(N). 

Let us also mention that A. Sersouri has shown in [18] that if the basis (e„)„GN 
of the Banach space X is either boundedly complete or shrinking, then £diag(^) 
coincides with the second dual of the space ICdiag{X) of compact diagonal operators. 

In the second part of the paper we construct a Hereditarily Indecomposable (HI) 
Banach space Xd with a Schauder basis (e„)„gN such that £diag(-^D) is also HI. 
More precisely, the following is shown. 

Theorem 1.4. There exists a quasi reflexive HI Banach space Xd with a Schauder 
basis (e„)„£N satisfying the following. 

(i) The space XJ, is Hereditarily Indecomposable. 

(ii) The spaces X*jy and >Cdiag(X_D) are isometric. 

(iii) Every T e CdiagiXo) is of the form T = XI + K, where if is a compact 
operator. 

As pointed out in [3], for every Banach space X, the space X* is isomorphic 
to a complemented subspace of C{X) consisting of rank one operators. Therefore 
neither C{X) nor JC{X) can be indecomposable spaces. Also, as shown in [3], there 
exist HI spaces having strictly singular non-compact diagonal operators, therefore 
one could not expect property (iii) to hold in general within the class of HI spaces 
with a Schauder basis. Recently, R. Haydon and the first named author ([3]) have 
presented a HI space Xk such that every T £ C{Xk) is of the form T = XI + K 
with K a compact operator. However, the scalar plus compact problem remains 
open for reflexive Banach spaces. The weaker question whether there exists a 
reflexive space X with a Schauder basis (e„)„gN such that every diagonal operator 
T is of the form XI + K where K is compact, is also open and its solution could 
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be a first step towards the solution of tlic general one. The systematic study of the 
existence of strictly singular non-compact operators on the known HI spaces (see 
[T], [in], [12) 7 indicates that an example of a reflexive space answering 

the scalar plus compact problem, in the general or the weaker form, requires new 
approaches of HI constructions. 

The paper is organized as follows. Section 2 contains the more precise statement 
of Theorem 1 1 . 1 1 f Theorem [2^ . Its proof uses rather standard arguments. We also 
present the proofs of Theorems 11.21 and 11.31 

The rest of the paper is devoted to the space Xd- In section 3, we define its 
norming set D which is a subset of coo(N). The space Xd is the completion of 
(coo(N), II II d), where || \\d is the norm induced on coo(N) by D. For the definition 
of D we use as a ground set the set G — {±x/ : / finite interval of N} and we apply 
saturation with respect to the operations {Auj, As usual, for even indices j 

we apply full saturation, while the operations corresponding to odd indices j are 
used in order to define the special functionals as in all previous HI constructions, 
initialized by the W.T. Gowers and B. Maurey example ^Mj. Once more, the present 
construction can be viewed as an HI extension of a ground set G, according to the 
approach of 8j and [7] . 

The novelty of the present construction arises from the need to impose a Banach 
algebra structure on the dual of the space. For this purpose, in each inductive step 

oc 

of the definition of the norming set = IJ _D„, we close the set Z3„ under the 

n=0 

pointwise products of its elements. This is necessary in order to apply Theorem ll.il 
and get the isomorphism between XJj and >Cdiag(^_D)- As shown in [8], for a ground 
set G C Coo (N) such that Xq does not contain any isomorphic copy of ii (N) , there 
exists a Dq C coo(N) containing G such that X]j^ is HI. It is worth pointing out 
that there are ground sets G as above, such that for any Dq containing G with Dq 
closed under pointwise products of its elements, the corresponding space X^^ is 
decomposable and hence is not HI. For example, let L C N such that both L,'N\L 
are infinite and consider the ground set G — {±x/, ±XLni, I finite interval of N}. 
Then for every extension Dq of G with Dq being closed under pointwise products, 
the corresponding space X^^ is decomposable. Indeed, it is easy to see that the 
subspace Xl = span{e„ : n £ L} is complemented in Xdq- 

Section 4 is devoted to the basic inequality and some of its consequences. The 
basic inequality is the main tool for providing upper estimates for the action of 
functionals of D on averages of Rapidly Increasing Sequences. Its proof in the 
present paper is similar to the proof of the corresponding result in |3] . In section 
5, we proceed to the evaluation of the norm of averages resulting from dependent 
sequences with alternating signs. Our approach for this, is more complicated than 
in previous constructions, where this result is a direct consequence of the basic 
inequality and the tree structure of the special sequences. This is due to the fact 
that closing the set D under pointwise products of its elements, we enlarge the 
unconditional structure of the spaces Xd, Thus showing the HI property of 
the space Xd becomes more involved and delicate. 

The HI property of X*jj is proved in section 6. The isomorphism between X*jj and 
jCdiag(^D, (en)rt6N) is an immediate consequence of Theorem 11.11 and the definition 
of the norming set D. 
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We close this section by pointing out that it is not clear if, for every Schauder 
basis (x„)„gN of Xd, the corresponding space £diag(X_D, {xn)neN) is isomorphic to 
X*jj or if it is Hereditarily Indecomposable. 

2. On the isomorphism between £diag(-'^) and X* 

In this section, we give the precise statement and the proof of the characterization 
of the Banach spaces X with a Schauder basis (e„)„gN which have the property 
that the dual space X* is naturally isomorphic the space /^diag of the diagonal 
operators with respect to (e„)„gN- We also state and prove Theorems 11.21 and 11.31 

We start with some preliminary notation. We denote by Coo(N) the space of all 
eventually zero sequences of reals, by ei, 62, . . . its standard Hamel basis, while for 
X — aiCi € coo(N) the support suppx of x is the set suppx = {i G N : ai ^ 0}. 
For E,F nonempty finite subsets of N, we write < F if ma.xE < mini^, while 
for nonzero x,y E coo(N) we write a:; < y if suppx < suppy. For x,y ^ coo(N), 
X — Y^ aiCi, y = Y1 Pi^i pointwise product of x, y is the vector x - y = Y^ o^iPi^i- 
For / g coo(N) and E C N we denote by Ef the pointwise product xe ■ f ■ For 
a finite set F, we denote its cardinality by For K,L C coo(N) we denote 

K + L = {f + g: f e K, g e L} smd K ■ L ^ {f ■ g : f e K, g e L}. 

Notation 2.1. Let {X, || • ||) be a Banach space with a Schauder basis (e„)„gN- We 
denote by CdiagiX, (e„)„gN) the algebra of all bounded linear diagonal operators of 
X with respect to the basis (e„)„gN, i-e. 

'Cdiag(-'^, (e„)„eN) = {T e C{X) : 3(A„)„eN e such that re„ = A„e„, Vn}. 

When the basis is a priori fixed we use the notation >Cdiag(-''^)- 

For every n, we denote by e„ the rank one operator e„ — e'^ (g) Cn : X X , i.e. 

00 

the diagonal operator defined by the rule e„(^ ^J■iei) = fJ^nen- 

Remark 2.2. In the case the basis (e„)„gN of the space X is unconditional, the 
algebra £diag(-''^) is isomorphic to ^oo(N). 

Definition 2.3. Let X be a Banach space with a Schauder basis (e„)„gN- We 
say that (e,i)„gN dominates the summing basis with constant Ci, if for every finite 

n n 

sequence of scalars (Aij)"=i holds that Ci • | ^ < || ^ /^iei||. 

Theorem 2.4. Let {X, || • ||) be a Banach space with a normalized monotone 
Schauder basis (e„)„gN- Let also Ci,C2 > 0. The statements (1), (2), (3) are 
equivalent: 

(1) The operator (f> : X* — > £diag(-'^) defined by the rule 

00 00 
w* A„e; I — > SOT -^X 

n—1 n—1 

00 c« 00 

is well defined, onto and Ci • || J2 '^ne* || < || J2 ^nGnW < C2 • || J2 ^^e* || for every 

n—1 n—1 n—1 

00 

X* = w* -Y. Xnel e X*. 

(2) (a) The Schauder basis (e„)„gN dominates the summing basis with constant 
Ci. 
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(b) The norm of X* is submultiplicative with constant C2, i.e. 

n n n 

\\Y.aAe*\\ < C2 ■ \\J2aie*\\ ■ || ^ Ae*|| 

i=l i=l i=l 

for every n S N and every choice of scalars ai, 02, /32, /?« S K- 

(3) There exists a 1-norming set K of X, contained in the hnear span of (e* )„gN, 

such that 

n 

(a) ±Ci • E e* e for all n. 
(h) K-KcC2-Bx'. 
Proof. We first show that (2) (3). Suppose that (2) holds and set 

n n 

K={Y,a^,e*: || ^ a.e*|| < 1, n G N}. 

i=l 2 = 1 

It is clear that (3)(b) is satisfied, as a consequence of (2)(b). Let us verify (3) (a). 

00 

For every x = fiiCi G Bx, using condition (2) (a) and the monotonicity of the 

i=l 

Schauder basis (ei)igN, we get that 

n n ^ n ^ oo 

i=l i=l i=l i=l 

n n 

This implies that || E e*|| < ^, hence ±Ci • E e* e K. 

1=1 ^ i=i 

Let us show the inverse implication (3) =^> (2). Suppose that (3) holds and let 

n 

n e N, /zi , . . . , /i„ e K. Since ±Ci E ^ -fC the action of these functional on the 

i=l 

n n n 

vector E Mi^j implies that || E MiCill > C'l • | E Mil) thus (2)(a) is satisfied. From 

i=l i=l i=l 



condition (3)(b) we get that conv(ii') • conv{K) C C2 • Bx* and hence conv(ii') 

W 

conv(if ) C C2 ■ Bx- ■ Since _K' is a 1-norming set of the space X, this means that 
Bx- ■ Bx- C C2 • Bx-, which yields (2)(b). 

Next we show the implication (1) => (2). Suppose that (1) is true. We shall 

00 

first show (2) (a). We observe that for every n e N and x = ^ HiCi G X we have 

1=1 

n n 

that IKE = II E Mi^ill < ||a;||, as a consequence of the monotonicity of the 

i=l i=l 

n n 

basis. Thus || E^i|| < 1, which implies that Cijj E II — 1- Therefore for any 

i=l i=l 

Ml , • . • ) Mn € M we get that 

C,\Y^^i,\ = C,\{Y,et)C£^iie,)\<C4Y.en^\f^ 

i=l 1=1 i=l i=l z=l 1=1 

and we have shown (2) (a). 
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oo 

Let now n £ N and ai, /3i, 02, /32, • • • , Pn G We choose x = Yl f^i^i G Bx, 

i=l 

n n n 

such that II J2 «jAe*|| = { J2 ajAe*)(a;) = J2 aAjJU. Then 

i=l z— 1 z=l 

n n n n n 

||^aj/3ie*|| = (^aie*)(^l3iiJ.iei) <\\^aie*\\-\\^(3iiJ,iei\\ 

i=l i—1 i—1 z— 1 1=1 

= \\Y.aie*\\-\\(Zm(Zt^i^i)\\ 

i—1 i—1 i—1 

< llEaie:||.||f^Ae,||-||f^Miei|| 

i=l i=l i=l 

n n 

< IIE«^<II-^2||E/5^<II-NI 

i=l i=l 

n n 

< C2-||E«i<ll-llE^*<ll 

i=l i=l 

which completes the proof of (2)(b). 

Finally we prove that (2) (1). Suppose that (2) holds. We start with the 
following claim. 

00 00 
Claim. The series J2 ^n^n w* convergent in X* if and only if the series ^ A„e„ 

n=l n=l 

converges in the strong operator topology in £(jiag(-^)- 

00 

Proof of the claim. Suppose first that the series J2 ^ndn if' w* convergent. We 

n=l 

m 

choose M > such that || Aje||| < M for all n < m. We consider an arbitrary 

i=n 

00 n 

X G X,x = J2 f^i^i' and we shall show that the sequence n^n C"®" 

i—1 i=l 

n 

sequence KlJ'iSi)nGN) is a Cauchy sequence in X. Let e > 0. We choose no e N 

C30 

such that II Yl MiCill < Let now any m > n > uq. We select z* G Bx*, 

i=no 

00 mm 

with z* = J2 '^i^i ^ ^ ^* series, such that || ^ Aj/Ujej|| = z*{Y, M^J-i^i) = 

2—1 i—n i=n 

rn m 

Y XiHii'i- We set / = ^ XiViC*. From our assumption (2)(b) we get that 

i=n i=n 

mm m 

11/11 < C2 • II E Aie*|| • II E ^ie*|| < C2M||^*|| < C^M. Thus ||(E Xiei){x)\\ = 

i=n i=n i=n 

m m m m 

II E Aj/Uieill = E ^IJ-in = /(E Mifii) < 11/11 • II E Mi^ill < C2Mj^ = e. 

i—n i—n i—n i—n 

•DC' 

Conversely, suppose that the series E Ane„ converges in the strong operator 

n=l 

00 

topology; we shall prove that the series E A^e* is w* convergent. Let x G 

n=l 
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oo n 

X, X = J2 l^i^i- We shall show that the sequence {{J2 neN (^'^' 

1=1 i=l 
n 

sequence A,/ii)„£N ) is a Cauchy sequence in M. Let £ > 0. From our 

i=l 

oo 

assumption that the series J2 ^n^n is SOT-convergent it follows that the se- 

n=l 

n 

quence ((^ Xiei){x)) converges in norm. Thus we may choose no such that 

m 

||(^ Aiej)(a;)|| < Ci£ for every m> n > uq. From assumption (2)(a) we get that 

i—n 

mm m 

I S AjMjI <-^\\Y1 Ai/^iCj II = ^IKXl \ie.i){x)\\ < ^C\e = e. This completes the 

i=ri i=n i=n 

proof of the claim. □ 

Prom the first part of the claim it follows that the operator $ : X* — > £diag(-^) 
is well defined. Taking into account that for T s £diag(-'^), if T'(e„) = A„e„, 

oo 

n = 1,2,... then T = SOT — J2 ^n^n, the second part of the claim entails that 

n=l 

oo oo 

the operator $ is onto C^iagiX). We shall show that • || ^ K^iW < II ■^I'^iW ^ 

i=l i=l 

oo oo 

C2 • II X] Aie| II for every x* = w* — J2 ^i^i ^ ^* ■ From now on we fix a functional 

00 

x*=w*-J2 Aie* G X*. 

From (2) (a) we get that 

00 00 00 00 

||^A,e,|| = sup{||(^A,e,)(^A*»e^)|| : ^Aije^ e Bx} 

i=l i=l i=l i=l 

n 00 

= sup{||^Ai/Xiei|| : ^ fiiCi e Bx, n e N} 
i=i i=i 

n 00 

> sup{Ci • I ^ Ai^^l : "^fiiSi e Bx, n e N} 

i=i i=i 

00 n 00 

= Ci •sup{|(^Aie*)(^Miei)| : X!^*^* eBx, nG N} 

i=l 

00 

= Ci.||^A,e:||. 



i=l 



i=l 

00 



We finally show that || J2 ^i'^iW < C2 ■ \\T, Aie*||. Let £ > 0. We select a 

i=l i=l 

n 00 

finitely supported vector x S Bx, x = J2 t^i^i^ such that || Yl < (1 + 

i=l i=l 

00 n 00 

^)ll(E Aie,)(x)|| = (1 + E Ai//ie,||. We choose = t/;* - ^ /y,e* G 5x* 

Z^l 2 = 1 i^l 

n n n n 

such that II J2 ^if^i^iW = •^*(E ^if^i^i) = E ^if^i^i- We set / = X) A,i/ie*. From 

n n 00 

ourassumption(2)(b) we get that 11/11 <C2-|| E Aie||M| E z^ie*|| <C2-|| E Aie|||. 

z=l i=l i=l 
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Therefore 



^AiGill < (l+e)-||^A,/^,ei|| = (l + e)-^A,/i,i^i 

i—1 i—1 i—1 



(1 + e) ■ fix) < (1 + e) • 11/11 • ||x|| < (1 + e) • C72 • II ^ A 



i=l 



Since this happens for every e > we conclude that || J2 ^i'^iW ^ ■ \\ ^ Xie*\\ 

i=l i=l 

and this finishes the proof of the theorem. □ 

Remark 2.5. Usuahy a K C coo(N) is considered and the space X is defined as 
the completion of the normed space (coo{N), || ||i<-). If for such a, K it holds that 
K ■ K C K + ■ ■ ■ + K {m summands) then condition (3)(b) is satisfied for C2 — m. 



Remark 2.6. One can easily prove that under the conditions of Theorem 12.41 for 

00 

every choice of scalars (ai)^^^, the series ^ a^e* converges in norm in X* if and 

1=1 

00 

only if the series ^ UiBi converges in norm in >Cdiag(-^)- Since the latter means 
1=1 

oc 

that the operator ^ a^e^ is compact, we get that under the conditions of Theorem 

i=l 

\2A\ the space /Cdiag(^) of compact diagonal operators of X is naturally identified 
with the subspace of X* norm generated by the biorthogonal functionals (e* 

Example 2.7. The summing basis (s„)„gN of the Banach space c(N) of all conver- 

n 

gent sequences is monotone while the set K — s* : n g N} is a norming set 

1=1 

of the space c(N) satisfying conditions (3)(a), (3)(b) of Theorem 1 2. 41 with constants 
Ci — 1 and C2 = 1. Therefore, Theorem 12.41 implies that the space of all diagonal 
operators of the space c(N) with respect to the summing basis, is isometric to c(N)*, 
which is isometric to ^i(N). 

Remark 2.8. It follows readily that if the space X has an unconditional basis 
(en)neN) then, denoting by (e*)„gN the corresponding biorthogonal functionals, 

OG 00 

the following holds. For every f = w* — J2 ^ne^, 9 = w* — J2 /^n^* in X* we have 

n=l n—1 

that 

00 00 00 

\\W* - J2 «n/3n<JI <C-\\W*-Y. • 11^* - E 

n—1 n—1 n—1 

where C is a constant which depends on the unconditional basis constant of {en)neN- 
Therefore the dual of a space with an unconditional basis is a Banach algebra. 

On the other hand, it is clear that if the space X has an unconditional basis 
(en)neN and it satisfies condition (2) (a) of Theorem 12. 4i then X is isomorphic to 
£i(N). Thus, although for every space X with an unconditional basis (e„)„gN it 
holds that C^ingiX, (e„)„gN) is isomorphic to £oo(N), the only space for which this 
fact follows as a consequence of Theorem 12. 4[ is ^i(N). 

Theorem 2.9. Let Z he a Banach space with an unconditional subsymmetric 
Schauder basis. Then there exists a Banach space X with a Schauder basis (e„)„gN 
such that Cdis,g{X, (e„)„£p}) has a complemented subspace isomorphic to Z*. 
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Proof. Passing to an equivalent norm, we may assume that the space Z has a 
normahzcd, bimonotone basis (z„)„gN which is 1-unconditional and subsymmetric. 

d 

This means that, given z = ^ A^z^, for any increasing sequence (fci)f^i we have 

d 

that II J2 ^i^kiW = and that for every choice of scalars {fii)f^i with \fii\ < \Xi\ 

i=l 

d 

we have that || ^ ^J'iZi\\ < \\z\\. The same properties remain vahd for the sequence 

i=l 

of biorthogonal functional (z*)„gN- 

The space X is defined to be the Jamesification Jz of the space Z (see also pTj). 
Namely, setting 

d 

K — { (liXh ■ Ii < I2 < ■ ■ ■ < Id arc finite intervals, 

i=l 

d 

\\Y.a,z*\\z* <1, dGN} 

the space X — Jz is the completion of (coo(N), || \\k)- The Hamel basis (e„)„gN of 
coo(N) becomes a normalized bimonotome Schauder basis for X , while the norming 
set K oi X obviously satisfies condition (3) (a) of Theorem l2.4l with constant Ci — 1. 

d d' 

We next show that K ■ K C K + K. Fix / = '^iXin 9 — PjXE- in K. 

1=1 ' j=i 

Without loss of generality we may assume that each intersects some Ej and 
and each Ej intersects some 7^. For each j — l,...,d', let ij be the minimum 

d' 

i for which li n Ej ^ 0. Using that || J2 A-zJil < 1; ki| ^ 1 for each i. the 
1-unconditionality and the subsymmetricity of the basis (2:„)„gN, we get that the 

d 

functional hi = CLi PjXii-nE- belongs to the set K. Observe that for each i, 

j=i 

there exists at most one j such that /j r\ Ej ^ % and i ^ ij- Let A be the set of 

d 

all i for which such a j exists and denote this j by ji. Using that || — 

1=1 

\bj\ < 1 for each j, the 1-unconditionality and the subsymmetricity of the basis 

{zn)neN, we derive that the functional = o,i^jiXiir\Ej. also belongs to the set 

ieA 

K. Hence the functional f ■ g = hi + h2 belongs to K + K, therefore (see Remark 
12. 5p condition (3)(b) of Theorem 12.41 is satisfied with constant C2 = 2. 

Theorem 12.41 entails that the space of diagonal operators £diag(-'^, (en)„eN) is 
isomorphic to X*. It remains to show that the dual space Z* is isomorphic to a 
complemented subspace oi X*. 

We define = e2„_i — e2„ for n = 1, 2, . . .. 

Claim. The basic sequence (wn)neN of X is 2-equivalent to the basis {zn)ni£N of 
Z, i.e. for every sequence of scalars {Xk)f^i 

d d d 

(1) II ^fe^feii^ ^ II E ^fe^feiu < 2ii ^kZkWz 

k=l k=l k=l 
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d 

Proof of the claim. Let z = ^ AfcZ^ be a finitely supported vector in Z. We 

fe=i 

d 

choose a functional z* = '^k^l £ Bz* such that z*{z) — \\z\\z- Then the 

k=l 

d 

functional / = ^*:^2fe-i belongs to K and thus 

k=l 

d d d d 

II ^ >^kWk\\x > /(^ AfcWfe) = ^ akXk = z*{z) = II AfcZfcllz. 
fe=i fc=i fe=i fc=i 

d' 

Next we prove the inequality in the right side of ([T]). Let / = X) "^iX/i be an 

arbitrary functional in K. Observe that if min/i is odd and max li is even then 
Xiii'^k) = for all k. We set 

^0 = {"i- '■ rain/j is even and max/j is odd} 

Ai = {i : min/j is even and max/j is even} 

A2 — {i : min/; is odd and max/i is odd} 

For i £ AqU Ai let min/j = 2pi and for i G U A2 let max/i = 2(7j — 1. It follows 
that 

d 

/(^AfeWfe) = + AqJ + a,(-ApJ + aAq, 

= X! ("°^')\. + 

d d 

iSAoUAi /i:=l ieAoUA2 k=l 

d 

< 2||^AfeZfe||z 
fc=i 

where we have used the 1-unconditionality and the subsymmetricity of the basis and 

d d d 

the fact that || a»<|| < 1- Thus it follows that || Y AfeWfelU < 2|| E AfeZ^II^. 

i=l k=l k=l 

□ 

It follows from the claim that the space Z is isomorphic to the subspace W = 
span{w„ : n S N} of X. We claim that is a complemented subspace of X. 

00 oc 

Indeed, let P : X ^ W with P{ ^ A„e„) ~ ^ \2n-iWn- Then, for any choice of 

n— 1 n— 1 

scalars {\n)if=i we have that 

d d 2d 

II X A2„-iw„|lx < 2|| ^ A2„-iz„||z < 2|| ^ A„e„||x- 

n— 1 n— 1 n— 1 

Thus ||P|| < 2, while, since obviously P(u)„) = ?«„ for all n, P is a projection onto 
W. 

Therefore Z* , being isomorphic to W* , is isomorphic to a complemented sub- 
space of X*. Since £diag(-'^, {&n)nm) is isomorphic to X* , we conclude that the 
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space of diagonal operators £diag(-'i^, (en)nGN) has a complemented subspace iso- 
morphic to Z*. □ 

Theorem 2.10. There exists a Banach space X with a Schauder basis (e„)nGN 
such that its space of diagonal operators £diag(^) is nonseparable and does not 
contain co(N) or £i(N). 

Proof. The space X — JTj that we define, is a variant of the classical James 
Tree space JT. We consider the dyadic tree {V, ^) with its standard interpretation 
as the set of all finite sequences of O's and I's with partial order defined by the 
relation a ^ /? iff a is an initial segment of (3. The lexicographical order of V is 
defined through the bijection h : V ^ N defined by the rule ft,(0) = 1, h{ei . . . £„) = 

n 

2" + ^ £^2""^. Thus the set N of the natural numbers is endowed with a partial 

order ^ such that (N, :<) coincides with the dyadic tree, while the natural order of 
N coincides with the lexicographical order of V. Thus a subset A of N is called a 
segment of the dyadic tree if the set h~^{A) is a segment of V. We set 

8 = {A: A is a finite interval of N} U 

{A : A is a finite segment of the dyadic tree}. 

We observe that for A, S G § we have that An B £ §. 
We define the subset K of coo(N) as 

d d 

K — { ^ aiXAi ■ (^i)iLi are pairwise disjoint members of 8, ^ af < 1, d e N}. 

The space JTj is the completion of the normed space (coo(N), || • ||k)- The standard 
Hamel basis (e„)rj,gN of coo(N) is a normalized bimonotone Schauder basis of JTj. 
Since clearly ix{i....,n} G K for all n, condition (3)(a) of Theorem 12.41 is satisfied 

d d' 

with constant Ci = 1. Also, if f ~ o-iXAi and g — PjXBj belong to K, then 

i=i j=i 

d d d d' 

we have that f ■ g ^ ^ ^ a^PjXA.nB, with Ai n Bj € § and J2 J2 "■if^'j ^ 1; 

hence f ■ g G K. Thus condition (3)(b) of Theorem 12.41 is satisfied with constant 
C2 = 1. Therefore Theorem 12.41 entails that the algebra CdiagiJTj), of all diagonal 
operators of the space JTj with respect to the basis (e„)„gN, is isometric to JTj. 
Similarly to the proof for the classical James Tree space JT (see e.g. [TS], |16)). 
it is proved that JTj contains no isomorphic copy of •^i(N), hence JTj contains 
no isomorphic copy of co(N), while JT/ is nonseparable and {JTj)** is isomorphic 
to JTi © (.2 (c) ■ The later implies that JT/ does not contain li (N) . Therefore the 
space of diagonal operators Cdiag{JTi) is nonseparable and does not contain co(N) 
or^i(N). □ 

3. Definition of the space Xd 

The content of the present section is the definition of the space Xd that we 
shall study in the subsequent sections. The novelty of the definition of the space 
Xd (compared to earlier HI constructions) is that, in each inductive step of the 
definition of its norming set £), we close under pointwise products, in order to 
obtain a set D satisfying condition (3) (b) of Theorem 12.41 This forces the dual 
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space X*]j to be a Banach algebra. We also include in the norming set D of the 
space Xd, the functionals ±x/ for all finite intervals /, in order to satisfy condition 
(3) (a) of Theorem [ 



Definition 3.1 (The space Xd)- We fix two sequences of integers (mj)jgN, ("j)jGN, 
as follows: 

• TOi ~ 2 and rrij = Tt^-i for j > 1. 

. m = 4 and n, > ^4iog,(m,)+2 Q2iog,(™,) . ^ 

where Qj = {rij^i ■ log2(TOj))'°^^''"^'' 

Let denote the set of all finite sequences ((^i, (f>2, . . . , 4>d) such that (pi G coo(N), 
(pi with (pi{n) G Q for all i,n and (pi < (p2 < ■ ■ ■ < (pd- We fix a pair Sli,i72 
of disjoint infinite subsets of N. From the fact that Qs is countable we are able to 
define a Gowers-Maurey type injective coding function a : Qs {2j : j G 1^2} 
such that > max{j^-^ : I e supp^-j, i ^ 1, . . . ,d} ■ maxsupp(/»rf. 

We shall inductively define a triple (Kn, Mn, Dn) of subsets of coo(N), n — 

0,1,2,... and Kl, j = 0, f , 2, . . . with = Q K^. 

3=0 

We first define G = {±xi : / is a finite interval of N}. We set = G, = 0, 
j = 1, 2, . . . and Ko = G, Mo = G, Dq ^ convQ(G). 

Suppose that the sets {KDJ^Lq, M„, D„ have been defined. We set if^+i = G 
and for j = f , 2, . . . we define 

1 

Kl\^ = I 5] /. : he Dn, fi<---<fd, d<n2,}u K^^ 



and 



-"■n+1 



I ± S( V h) ■■ h e Kl=' for some ji G 

with m^/f > 7i2,_i, /.+i e K<f^--i^\ 

/l < /2 < ■ ■ • < fn2j-n 

E is an interval of n| U X^j-i, 



We set 



M„+i - {h - ■■■ ■ fd - he x„+i, z = f , . . . , d, d e N} 

Ai+1 = convQ(M„+i). 

00 

The inductive construction has been completed. We finally set — IJ for 

n=0 

00 00 00 

J = 1, 2 . . . and = U Kn, M - U M^, D = {} D^. 

n— n— n— 

The Banach space X^i is the completion of the normed space (coo(N), || • 

Remark 3.2. The norming set D of the space Xd is closed under pointwise prod- 
ucts. Indeed, since Kn C Kn+i and Kn C M„ C Dn for all n, in order to show the 
former it is enough to show that each D„ is closed under pointwise products. Let 
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d d' 

f,g€ Dn. Then f — ^ \ fi, 5 = f^jdj convex combinations, with {fi)f^i and 
1=1 j=i 

, d d' 

{9j)j=i -^n- The pointwise product / • g takes the form f ■ g ~ ^il^-j fi ' gj 

i=ij=i 

as a convex combination of the family of functional {fi ■ gj)f^i jLi with each fi ■ gj 
belonging to M„. Therefore f ■ g & C D. 

It follows that 11/ ■ 5II < 11/11 • II5II for every /, g G XJj, therefore the space is 
a Banach algebra. 

Remark 3.3. The set D is the minimal subset of coo(N) satisfying the following 
properties: 

(i) G C D, i.e. the set D contains ±xi for any finite interval / of N. 

(ii) D is closed under the {An2j, operations. 

(iii) For each j, the set D is closed under the {An^j-i , 1 operation on 2j — 1 
special sequences (see Definition 13.41 below) . 

(iv) D is closed under the restriction of its elements to intervals of N. 

(v) D is rationally convex. 

(vi) D is closed under pointwise products. 

Definition 3.4. A block sequence {fi)^l\^^ is said to be a 2j — 1 special sequence 
if /i e K'^^^ for some ji G fli with Wg^f > ?^2J-l and /i+i G for 
1 < i < n2i-i- 

Remark 3.5. The sequence (e„)„gN is clearly a normalized bimonotone Schauder 
basis of the space Xd. From the fact that the norming set D is closed under the 
{■An2jT:f^)j operations, and taking into account that lim ^ — 0, it also follows 

that the basis (e„)„gN is boundedly complete. Hence the space (Xu)* — span{e* : 
n e N} is a predual of the space Xd- Notice also that, as a consequence of the fact 
that the norming set D is rationally convex, the set D is pointwise dense in the 
unit ball Bjtj^ of the dual space. Since the set D is closed under the {An2j , ;;^)ieN 
operations, we get that the unit ball shares the same property, i.e. if j G N, 

d < n2j and /i < /2 < ■ • • < /d with ||/,|| < 1 then ||^ ^ /,|| < 1. 

^ i— 1 

Remark 3.6. Each f ^ D has one of the following forms: 

(a) / = ±xi, I an interval of N (i.e. / G G). We set w{f) = 1. 

(b) / - ;^ E /^ with fi<---<fd,d< n„ f, e D (i.e. f e C K). In 

^ 1=1 

this case we set w{f) — rrij. 

(c) The functional / G M is the pointwise product f = fi ■ ■ ■ ■ ■ fd with each 
fi G K. In this case we define w{f) — w(/i) • . . . • w{fd)- 

d 

(d) / is a rational convex combination / = E ^ifi with each fi belonging to 

1=1 

cases (a), (b), (c). 

We next show, that a functional f ^ M (i.e. a pointwise product), can be written 
as / = E with (/i,), being a sequence of successive functionals belonging to 
the norming set D, of length determined by w{f). 
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Lemma 3.7. If {Ii)f^i, is any pair of families of successive intervals of N 

(i.e. Ii < ■ ■ ■ < Id and Ji < ■ ■ ■ < Jd') then the cardinality of the nonempty sets of 
the family {liO Jj, 1 < i < d, I < j < d'} is at most d + d' — 1. 

Proof. We proceed by induction on the sum d+d' . For d+d' = 2, i.e. if d = d' = 1 
there is nothing to be proved. Let k > 2 and suppose that the lemma is true for 
d + d' < k. We prove the result fox d + d' = k + \. If d = 1 or d' = 1 then the result 
is straightforward, so we assume that d > 1 and d' > 1. Without loss of generality 
we may assume that min J^' < min/rf. From our inductive assumption the family 
{/i n Jj, 1 < « < d — 1, 1 < j < d'} has at most (d — 1) + d' — 1 nonempty sets. 
Since min Jd' < min Id we get that Id H Jj — $ for j = 1, . . . , d' — 1. Thus the only 
set between Ji , . . . , J^/ that may intersect Id is Jd' ■ Therefore the nonempty sets 
of the family {/; n J,-, I < i < d, I < j < d'} are at most [(d - 1) + d' - 1] + 1 i.e. 
at most d + d' — 1 . □ 

Proposition 3.8. Let / G M, f ~ fi-- ■ .•/,■ with fi E K, w(/i) = rrij., i = 1, . . . ,r. 

d 

Then the functional / takes the form / = '^i^J) S where hi E D, hi < ■ ■ ■ < hd 

i—l 

and d < rij^ + • • • + rij^ — (r — 1). Moreover, if / G M„+i, then we may select each 
hi to belong to I?„. 

Proof. Let / G M„+i. Then / = /i • . . . • /r with each fi G Kn+i. We shall 
prove, by induction on k, that each product fi ■ ■ ■ ■ ■ fk, for 1 < A: < r, takes the 
desired form. For k — 1 there is nothing to be proved. Let k < r and suppose 

d' 

that fi ■ ... ■ fk = E Hi with Hi e D„, Hi < ■■■ < Hd' and d' < 

"ii +• • • + - (fc- !)■ Let also fk+i = + • • • + /™+^), m < n^^^^, with 

each fj^^ G Dn. Applying Lemma[3Jlto the famihes (ran i//)f^^ and (ran 
we get that raniZ/nran/j"'^"'^ =/= for at most rtj^ +• • ■ + nj^^-^ — fc pairs (/, j). Taking 
into account that the set Z?„ is closed under pointwise products (see Remark 1 3. 2 p 
we get that 

^ ^ d' m 1 ^ 

fl- ■■■■ fk ■ fk+1 = , r s Tyr- (/_^^')(y] /t'^^) — /M 

w{fi) ■ ■■■■ w{fk) nij^^, ^ ^ ^ w f-^ 

where w = w(/i) • . . . • w{fk) ■ ruj^^^ = w{fi ■ . ..■ fk- fk+i), hi < ■ ■ ■ < hd with each 
hi G Dn, and d < rij-^ + ■ ■ • + nj^^^-^ — k. This completes the proof of the inductive 
step and the proof of the proposition. □ 

Corollary 3.9. Let / G M with w{f) < nij. Then the functional / can be written 

d 

in the form / — ^K. ^ hi with hi E D, hi < ■ ■ ■ < hd and d < rij-i log2(mj). 

i—l 

Proof. Let f = fi ■ . . . ■ fk with fi G K, w{fi) = rrij., i = 1, . . . , fc. Then ruj > 
w{f) = w{fi) ■ . . . ■ w{fk) > 2^ and hence k < log2(mj). 

Since ji < j — 1 for each i, from Proposition 13. 81 the functional / takes the form 

d 

f = E hi with d<nj,+... + n.j^ - {k - \) < n.j^i \og^{mj). □ 
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Corollary 3.10. Let f e M , f = fi ■ . . . ■ fk with fi e K, such that < mj for 

d 

i = 1, . . . ,k and w{f) < rrij. Then the functional / takes the form / = ^ hi 

i—l 

with hi £ D, hi < ■ ■ ■ < hd and d < rij^i log2(m|). 

Proof. The proof is almost identical to that of Corollarv l3.91 so we omit it. □ 

Definition 3.11. For / e _D we call tree of / (or tree corresponding to the analysis 
of /) a family of functionals Tf — {fa)ai£A indexed by a finite tree A, with each 
fa € D, such that the following conditions are fulfilled: 

(i) The tree A has a unique root € A and /o = /• 

(ii) If a is a maximal element of the tree A then fa E G. In this case we say 
that fa is of type with weight w{fa) ~ 1. 

(iii) For every non-maximal a E A, denoting by Sa the set of immediate succes- 
sors of a in the tree A, Sa = {Pi, • • • , f3d}, one of the following holds: 

d 

(a) //3i < • • • < fi3^ and / = ^^j^ J2 fPi where w{fa) ^ mj^ ■ . . . ■ mj^ 

2 — 1 

and d < rij^ + • • • + rij^ . In this case we say that fa is of type I with 
weight w{fa). 

d 

(b) There exists a family (A/jJf^j^ of positive rationals with ^ Xp. = 1 

1=1 

d 

such that fa — '}2 ^PifPi and for each i, ranfp. C ran/a and fp. is 

i=l 

either of type I or of type 0. In this case we say that fa is of type II. 

Remark 3.12. Every f E D admits a tree (not necessarily unique). Indeed, it 
can be shown that each / G Dn admits a tree, using induction on n and applying 
Proposition 13 . 81 in each inductive step. 

Proposition 3.13. The Banach algebra £diag(5C_D) of diagonal operators of Xd 
with respect to the basis (e„)„gN, is isometric to the dual space X^. 

Proof. Since the norming set D of the space Xd contains the characteristic func- 
tions ±X{i „} for every n (this is the reason we have included the set G in the 

n 

norming set D) i.e. ± ^ ^ for every n, condition (3) (a) of Theorem 12.41 

i=l 

is satisfied with constant Ci = 1. The norming set D is closed under pointwise 
products, i.e. D ■ D C D, hence condition (3)(b) of Theorem 12.41 is also satisfied 
with constant C2 = 1. Theorem 12.41 entails that the space of diagonal operators 
'Cdiag(^D) is isometric to the dual space □ 

4. The basic inequality and exact pairs 

This section is mainly devoted to the statement and the proof of the basic in- 
equality (Proposition [TH]). For this we follow the standard method which has been 
used in earlier works (i.e. [5], [3], [5], [B], [5]). The general scheme for this method 
goes as follows. We first define an auxiliary space which is a mixed Tsirelson space 
and the basic inequality shows that the action of every / e 13 on an average of a 
RIS is dominated by the action of a functional g on the corresponding average of 
the basis of the auxiliary space plus a small error. This provides, among others, 
the upper estimate of the norm of averages of a RIS. We show that the space Xd is 
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of codimension 1 in X^* hence is quasireflexive. Finally, we define the exact pairs, 
a key ingredient for the definition of dependent sequences. 

Definition 4.1. Let C > f, e > 0. A block sequence {xk)k hi Xd is said to 
be a (C, e) Rapidly Increasing Sequence (RIS) if there exists a strictly increasing 
sequence {jk)k of integers such that the following conditions are satisfied: 

(i) ||a;fe|| < C and HxfeHc < e for each k. 

(ii) <£ and #supp(a;fe) • — < e for all k. 

(iii) For every k and f £ D with w{f) < rrij^ it holds that \f{xk)\ < ';^fj)- 
We call the sequence of integers {ik)k, the associated sequence of the RIS {xk)k- 

Definition 4.2 (The auxiliary space). Let W be the minimal subset of coo(N) such 
that 

(i) It contains ±e* , n e N. 

(ii) It is closed under the {A2nj, ;^) operation for every j. 

(iii) It is rationally convex. 

We also define W as the minimal subset of coo(N) satisfying the above conditions 
(i), (ii). 

Remark 4.3. It is easily seen that a subset of coo(N) which is closed under the 
{An, 9) and {An',0') operations, it is also closed under the the {An7i',d0') operation. 
It follows that the set W is closed under the (A(2n V ■i'2n i , t:^ — ^—^ — ) operation, 

k k 

for every ji, ■ ■ ■ ,jk G N (not necessarily distinct). Since J2 '^''^ji ^ 11 '^'"^ji S^t 

i=l i=l 

that the set W (and the set W also) is closed under the (^2n, h \-2rn , 77, — — ) 

operation. 

Remark 4.4. The trees for functionals g G W, are defined in a similar manner 
as the corresponding ones for g £ D (Definition I3.11[) , the only difference being 
that the functionals corresponding to maximal elements are of the form ±e*. For 
/ G W the trees are defined as those for g £ W, the only difference being that we 
require that no functionals of type II appear. 

Lemma 4.5. Let g £ W with a tree {ga)a&A- Then the functional g is a rational 
convex combination g = ^^9^i such that for each i £ I , g'' £ W, the functional 

has a tree {ga)aeA^ aiid there exists an order preserving map : A'' A satisfying 
the following. 

(i) For every maximal node a £ A^, $'(0) is a maximal node of A and 5^ = 

S$'(a)- 

(ii) For every non-maximal a £ A^, the functionals g*, g^^a) are of type I 
with w{gl) = w((7$i(a)) and #5*^ — #S'$i(a), where denotes the set of 
immediate successors of a G A^ and Sj is the set of immediate successors 
of a 7 G ^. 

(iii) If the functional g is weighted then w(.g') = w{g). 

Proof. We shall prove, using backward induction, that for each a £ A the func- 
tional ga with the tree (ga)aGXt/3, where A-^ = {a £ A : a > /?}, satisfies the 
conclusion of the lemma. This will finish the proof of the lemma, since g = go, 
where G ^ denotes the unique root of the tree A. 
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The first inductive step concerns a Cz A which is maximal. In this case, setting 
la = {!}, = 1, ^ {a} and <i>^(a) = a, the required conditions are obviously 
satisfied. 

Let us pass to the general inductive step. We consider a A which is non- 
maximal, Sa = {/3i, . . • , Pd} and we assume that for each k — 1, . . . , d, the functional 
gf3^ takes the form 5^, = ^'{3^,9 and each g^^ e W has a tree {g})^^^)jeA}, 

such that there exists an order preserving map <^'p^ : A^p^ A^f^" satisfying 
conditions (i), (ii), (iii). We distinguish two cases. 

Case 1. The functional ga is of type I, ga = :;j;^i9Pi ^ 1- 9Pd)- 

We set la — Ipi X • • • X Ip^ and for each i — {ii, . . . G la we define AJj 

■■■■ XX 3a = li;i^i9}\ + ■■■ + 9'i3j- It is evident that ga equals to the 
convex combination ^ Ki9a- each i — £ la we define the tree 

d 

Aa as the disjoint union Aa = {a} U U -^^n with its ordering defined by the rule 

k=l 

Si :< 62 if and only ii Si = a or if there exists fc G {1, . . . , c?} such that 61,62 G A^p^ 

and 61 :< 62 in the ordering of A^^^ . We also define the order preserving map 

^'a ■ -K. -^-^ as follows; $j,(a) = a and $^(7) = ^p^i'^) ^'^^ 7 ^ -^p^- trivial 
to observe that conditions (i), (ii), (iii) are satisfied. 

d 

Case 2. The functional ga is of type II, 5a = X0k90k- 

k=l 

d 

Then, using our inductive hypothesis, we get that ga — J2 (■^f3k-^}3k^9pk 

a convex combination, while the required conditions (i), (ii), (iii) are obviously 
satisfied. 

The proof of the Lemma is complete. □ 

d 

Lemma 4.6. Let g G W, g = J2 9i where w{g) = nij-^ ■ . . . ■ nij^ and gi < 

i—l 

■ ■ ■ < gd with gi £W and d < 2nj^ + • • • + 2nj^. Let also j G N. Then 

if w{g) < rrij 

if 'w{g) > rrij. 

Proof. From Lemma 14. 5[ we may assume that g G W and gi G W for each 
i — 1, . . . ,d. We start with the following claim. 

Claim. For every / G W, #{fc : \f{ek)\ > 7;^} < (2nj_i)i°S2(™.)-i. 

Proof of the claim. We may select a family of functionals {fa)aeA indexed by a 
finite tree A, with fa £ W, such that 

(i) The tree A has a unique root G ^ and fo — f- 

(ii) For every maximal node a £ A, fa — ±e* . 

(iii) For every non-maximal node a £ A, there exists ja G N such that fa = 

T^-ifpi ~l ^ //3d) and d < 2nj^ where Sa = ■ • ■,Pd} is the set of 

immediate successors of a in ^ and fp-^ < ■ ■ ■ < fp^ . 
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We may assume that /(e^) > ^ for every k G supp(/). Since w{fa) > mi > 2 
for every non-maximal a G ^ it follows that the cardinality of every branch of the 
tree A is less than log2{mj). An easy inductive argument implies that # supp(/) < 
(2nj_i)i°82(™.)-i. □ 

Let now g G W. The case w{g) > rrij is obvious. Assume that w{g) < rrij. 
Then, as in the proof of CoroUarv 13.91 it follows that d < 2rij_i log2(mj). For 

d 

i = 1, . . . , d, set Li — {k : \gi{ek)\ > — } and L = [J Li. From the claim above we 

™^ i=i 

get that #L, < (2nj_i)^°g2(™j)-i for each i, thus #L < (27ij„i)i°S2(™.) log2(mj). 
Therefore, splitting the functional g as g = g\L + g\fi\L we get that 




Lemma 4.7. Let g ^ W and suppose that the functional g admits a tree {ga)a£A 
with the following property. For every a £ A such that ga is of type I with w{ga) < 
TO^^ , the cardinality of the set Sa of immediate successors of a in ^ satisfies #S'a < 

irij^Qjg (recall from Definition 13.11 that Qj„ = («jo-i ' log2('^io))'°^^^™^''^)- Then 

Proof. It is enough to prove the statement for g G W , since from Lemma l475l the 

functional g takes the form g — J2 -^'s* ^ convex combination, with each G W 

iei 

and such that each satisfies the assumption of the statement. 

Let g G W satisfying the assumption of the statement of the lemma. We set 

Bi = {k: \giek)\ > -^} = {k : |.g(efc)| < ^} 

and we consider the functionals 171 — g^Bi and 52 = g\B2- Then obviously 

1 . ° 1 

(2) \92{—Y.e,)\<—. 

^° k=l 30 

The property of the statement remains valid for the functional gi] let {ga)a&A be 
a tree of the functional gi, satisfying the aforementioned property. Note that no 
functionals of type II appear in this tree, since gi G W (see Remark l4.4p . The fact 
that \gi{ek)\ > for every k G suppgi implies that every branch of the tree A has 

length at most log2(m|u). Since also w{ga) < rnj^ for every a £ A, our assumption 
entails that each non-maximal a d A has at most rrij^Qj^ immediate successors. 

Thus #supp(7i < ('Ti^oQjo)'"^^^™^"''- Using the growth condition concerning the 
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sequence {nj)j (see Definition 13. ip we derive that 

fo\ I / \l ^ ^ J± ^ ^ 41og2(mj„) „21og2(mj„) 1 

3 5i( > Cfc) < #supp5i< m ™Q. < — ■ 

"jo ^ "jo "jo ^ ^ "Ijo 

"30 

From (HD, dSD we conclude that J2 ek)\<:^- □ 

"jo j,^^ ™jo 

Proposition 4.8 (basic inequahty). Let {xk)1=i be a (C, e) RIS in Xd with as- 
sociated sequence ijk)k=i- Then for every f ^ D there exists a functional g ^ W 
such that the following conditions are fulfilled. 

(1) If / is of type I then either w{g) — w{f) or g — e* or g — 0. 

(2) \fi^E-k)\<C{g{^Eek)+s). 

k=l ^° k=l 

If we additionally assume that jo < ji and that for every subinterval / of the 
interval {1, 2, . . . , n^,,} with #(/) > m'j^Qj^ and for every functional h G ■ D 

it holds that \h{J2 Xk)\ < C ■ e ■ #/, then the functional g & W may selected to 

kei 

satisfy in addition the following property: 

(3) The functional g admits a tree {gf3)i3eB with the property that for every 
(3 E B with gp of type I and w{gi3) < m|^, the node /3 has at most rn^gQjo 
immediate successors. 

Proof. We begin with the proof of the first part of the proposition (without the 
additional assumption). We fix a tree {fa)a£A of the functional / fDefinition l3.1ip . 
Using backward induction we shall define, for every a G A and every subinterval 
J of {1,2, .. . ,njg}, a functional 5^ € such that the following conditions are 
satisfied. 

(i) If fa of type I then either g^ = e* oi g^ = or g^ is of type I and takes 

d 

the form g^ = ;;;;7yT(E 9^' + E ^1) where Sa = . . . each J, 

■ ' i=i fceJo 

for 1 < i < d is a subinterval of J, Jq C J and the sets Jq, Ji, . . . , Jd are 
pairwise disjoint. 

(ii) l/a(E <C(5i(E efc)+£-#J). 

kej kej 

(iii) The functional g^ has nonnegative coordinates and supp^;^ C J. 

When the inductive construction is completed, the functional g = g^° , where G A 
is the root of the tree A and Jq = {1, . . . , satisfies the conclusion of the 

proposition. 

The first inductive step concerns a ^ A which are maximal. Then /„ G G. We 

set g'l — Q for every subinterval J. Since Ha^fcHc 5! £ for each k (condition (i) of 

DefLnition l4.ip it follows that |/a( — \fa,{^k)\ < £-#J and thus condition 

fceJ fcGJ 

(ii) is satisfied. 

Let us pass to the general inductive step. We distinguish two cases. 

d 

Case 1. The functional fa is of type II, fa=J2 ^Pifpi- 

1=1 

d 

For every subinterval J we set g'l = ^ ^I3i9p ■ Then, using the inductive hypothesis 
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we get that 

d d 

fee./ i=i fceJ i=i keJ 

= C{9i{Y,ek)+e-#J). 

Case 2. The functional fa is of type I, fa = -^jj^ifpi +fp2^ ^ fPd) (where 

w{fa) — nij'^ ■ . . . ■ nij^ and d < nj^ + • • • + rija for some . . . , G N). 
Fix J a subinterval of {1, ... , nj^}. We distinguish three subcases. 

Subcase 2a. nij^^ < w{fa) < "m-jk^+i fo^' some fco S 
Then for k G J with k < ko we have that rrij^^-^ < rrij^, < w{fa) and thus, using 
conditions (i) , (ii) of Definition 14. li we get that 

|/a(a;fc)| < ^ \\xk\\ei < — C • #supp(a;fe) < C ■ e. 

For k ^ J with k > kg, using conditions (ii) , (iii) of Definition 14.11 we get that 

|/a(x,)|<^< — <C-S. 

If ran(/a) fl ran(a;feo) 7^ we set 5;^ = e^^, otherwise we set ga = 0. The inductive 
conditions are easily established. 

Subcase 2b. rrij^^^ < w{f) for every k ^ J. 
Then, as before, |/a(a;fc)| < C • e for every k € J and we set ga = 0. 

Subcase 2c. w{fa) < rrij^ for all k G J. 
Let Ei ~ ran fp. for i — 1, . . . ,d. We set 

Jo = {fc G J : ran(xfe) intersects at least two Ei, i — 1, . . . ,d} 

and for i = 1 , . . . , d we set 

Ji — {k G J \ Jq : ra'n{xk) intersects Ei}. 

We observe that # Jq < d and that each Ji is a subinterval of J. From our inductive 
hypothesis the functionals (5^')iLi have been defined satisfying conditions (i), (ii), 
(iii). The family {Ji : i = 1, . . . , d} U {{k} : k G Jq} consists of pairwise disjoint 
intervals while its cardinality does not exceed 2d. We define 



1 



d 



From our definitions it follows that g'l G W (see Remark 14.31) . Observe, for later 
use, the following. If w{fa) < nij^ and fa ^ ■ D then Corollarv l3. 101 entails that 

d < rijo-i log2(^"jo) 2d < 4njo_i log2(TOjo) < rii^j^Qjo- 

Since w{ fa) < mj^ for every fc e J, condition (iii) of Definition 14.11 implies that 
\fa{xk)\ < ^ for every k G J. From this and from our inductive hypotheses we 
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get that 



keJ fceJo j=i fceJi 



< C(5a(^e,)+£-#j). 



fcej 

This completes the proof of the general inductive step and finishes the proof of the 
first part of the proposition. 

Next, we proceed with the proof of the second part of the proposition, where 
the additional assumption is made. Then in addition to conditions (i), (ii), (iii) we 
require the following. 

(iv) If is of type / with w{gi) < m\ then #{i : g^* / 0} + #Jo < m\Qj^ 
(where the notation comes from condition (i)). 

The procedure remains the same for the first inductive step and for Case 1, 
Subcase 2a and Subcase 2b in the general inductive step. The difference concerns 
Subcase 2c (i.e. when w{fa) < mj^ for all k G J) where we distinguish two 
subsubcases. 

Subsubcase 2cA. fa e ■ D and #J > rn^^Qjg. 
We set — and our additional assumption yields condition (ii). 

Subsubcase 2cB. fa ^ K^" • D or # J < m'j^Q^„. 
We proceed exactly as in the proof of Subcase 2c in the first part of the proposition. 

We have to examine condition (iv). Observe that, if g'l is of type I with w{ga) < 
rrij^ there are two cases. Either fa ^ K^" ■ D and w{fa) — w{gi) < ttl^: in which 
case (see the proof of Subcase 2c) the sum in the left side of (iv) does not exceed 
2d which is at most m'j^Qjg, or #J < nij^Qjg, in which case the same upper bound 
is derived from the fact that suppt;^ C J. 

This completes the proof of the general inductive step and the proof of the second 
part of the proposition. □ 

Corollary 4.9. Let ixk)li^^ be a (C,e) RIS with e < Then for / € D of type 

JO 

I we have that 



, "30 

i/(-E 

fe=l 



3C 

I ^( 

Xk)\ < 



' JO 



In particular ||^ ^ < ^, 



"-30 

E 

fc=i 

Proof. From the basic inequality (Proposition 14. 8[) there exists g G W with either 

"jo "jo 

wig) = w{f) or 5 = e; or 5 - 0, such that \f{^ E Xk)\ < C{gi^ ^ ek)+e). 

^° k=l '° k=l 
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n 



30 



From Lemma [4.61 we get that if w{f) < nijg then |/(;^ J2 ^fc)l — ^( 



m 



■JO ^ - ■ -w(})nijg 
"io 

^) < , while if w(f) > m,„ then |/(^ V Xfe)| < Cf-irv + -^). □ 

Definition 4.10. A vector x G X_d is said to be a C — average if x takes the 

k 

form a; = ^ x;, with ||a;i|| < C for each ?, xi < • • ■ < Xfc and ||x|| > 1. 

Lemma 4.11. Let F be a block subspace of Xd and /c G N . Then there exists a 
vector X <^Y which is a 2 — average. 

For a proof we refer to [7] Lemma 11.22. 

Lemma 4.12. If 2; is a C — £j average, d < k and Ei < ■ ■ ■ < Ed is any sequence 

d 

of intervals, then J2 \\Eix\\ < C(l + ^). 
1=1 

For a proof we refer to [7] Lemma 11.23. 

Remark 4.13. (i) If a; is a C — i"^ average and / is of type I with w{f) < rrij, 
then from Lemma [4. 121 and Corollarv l3.9l we get that |/(x)| < -g^- 

(ii) Suppose that {xk)keN is a block sequence in Xd, such that each Xk is a C — i^''' 
average for an increasing sequence (jfe)fcGN and HxfeHc < e for all k. From (i), 
if f £ D with w{f ) < nij^ then < ^^y- Thus, we may easily select a 

subsequence of {xk)k£N which is a (2C, e) RIS. 

Proposition 4.14. The space Xd is a strictly singular extension of Yq (i.e. the 

identity operator / : Xd Yg, where Yq is the completion of (coo(N), || • ||g), is 
strictly singular). 

Proof. Assume the contrary. Then we can find a block subspace Z of Xd and e > 
such that IIzIIg ^ ^Ikll for every z Cz Z . Pick (z„)„gN, (z*)„gN two normalized block 
sequences in Z, XJj respectively, such that ranz„ = ranz* and z^{zn) = 1. Passing 
to subsequences we may assume that the sequence {zn)neN is weakly Cauchy in Yq, 
hence the sequence of its successive differences, i.e. the sequence (a;„)„gN defined 
by the rule Xn = Z2ri-i — is weakly null in Yq. Thus limxN(a:„) — 0. Passing to 

n 

CXD k 

further subsequences we may assume that ^ |XN(a;,i)| < Then || ^^IIg < | 

n= l 2=1 

for every fc G N (see the proof of Lemma 1575)) . 

n-2j n2j 

Let now j G N. We set x = J2 ^^ and a;* = Then |la;*|| < 1 

2 = 1 2=1 

(see Remark IXSj) . hence 

19 1 

■ T,> Ikllc > £ • ||a;|| >e-x*{x)^e . 

7l2j 2 TO2j 

Since this happens for every j, for large j we derive a contradiction. □ 

Definition 4.15. Let C > 1 and j G N. A pair (x, x*) is said to be a (C, 2j) exact 
pair, provided that 

(i) X* e K with w{x*) = m2j (i.e. G K"^^). 
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(ii) ||x||g < and for every / e 13 of type I, if w{f) < m2j then |/(a;)| < 

while if w{f) > m2j then |/(a;)| < + (in particular 

11x11 <2C). 

(iii) x*(x) — 1 and ran a;* = ranx. 

Lemma 4.16. For every block subspace Z of and every j G N there exists a 
(4, 2j) exact pair (z, z*) with z ^ Z. 

Proof. We set e ~ Using Proposition I4.14[ we may select a block subspace 

Z' of Z such that the restriction of the identity operator / : Xd — > Yg on Z' has 
norm less than |. From Lemma 14.111 we may select a block sequence (zfe)A;gN in 
Z' with each being a 2 — €^^^ average for an increasing sequence (jh^h&i- Then 
||-Z/c||g ^ £ for all fc. From Remark 14 . 1 31 we may assume, passing to a subsequence, 
that (zfc))J^i is a (4,£) RIS. For each fc we select E D with ran(z^) = ran(zfc) 
such that zl{zk) > 1. 
We set 

^ "23 n2j 

X — > zi. and z* = > zT.- 

From CoroUarv 14.91 we get that ^^i- < z*{x) < \\x\\ < ^j^, thus we may select 
1 < 6* < 1 such that z*{6m2jx) = 1. We set z = Om^jX. From the fact that 
II 2 II G < "i2j • e = and using CoroUarv 14. 9i we easily establish condition (ii) of 
Definition 14.151 Hence (z,z*) is a (4, 2j) exact pair. □ 

Remark 4.17. Exact pairs are one of the fundamental ingredients to show that the 
space Xd is HI. This property will be proved in the next section. A rather direct 
consequence of the previous lemma is that £i(N) is not embedded in the space Xzj. 
To see this, observe that Lemma 14.161 yields that for every j G N there exists a 

normalized finite block sequence (wfc)fe=i in Z such that || ^ "^^ || < 

Proposition 4.18. The space XJj is the closed lineal span of the pointwise closure 

of G, i.e. X^ = span(G'"' ) = span({e* : n G N} U {xn})- Thus the space Xd is 
quasireflexive, with its codimension in the second dual being equal to one. 

Proof. Suppose that the space Z = span(G"' ) is a proper subspace of X^. Then 
we may select an x* G X^\Z with = 1 and an x** G X^* such that ||x**|| = 2, 
x**{x*) = 2 and Z C Kera;**. Since the space Xd contains no isomorphic copy of 
£i(N) (Remark 14.1 711 ■ from a theorem of Odell and Rosenthal ([l7|)j we can choose 

{xk)keN with Ijxfell < 2 such that Xk x** . We may assume that {xk)keN is 
a block sequence (since e* G Z for all n) and that x*(xk) > 1 for each k (since 
x*ixk)^x**ix*) = 2). 

From the fact that Ext(i3y^) C C Z we get that the sequence {xk)keN is 
weakly null in Yq, thus we may select a block sequence {yk)ke'N of {xk)kefi such that 
llyfellc ~* and such that each yk is a convex combination of {xk)ke'N- Passing to 
a subsequence of (yk)kef-h we may assume that ||yfc||G < £ for all k where e = -\- 
for some fixed j. Notice also that x*{yk) > 1 for all k. We may construct {zk)keK 
a sequence of 2 — averages of increasing length with each Zk being an average 
of (2/fe)fceN- Thus || z^Hg < £ for all k and passing to a subsequence we may assume 
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that [zuTk^^ is a (4,2j) RIS. From Corollary HS] we get that ||z|| < < 1, where 
z = zi.. On the other hand the action of the functional x* entails that 

ll^ll > x*{z) > 1 (since z is a convex combination of (2/fe)feeN), a contradiction. □ 

5. Dependent sequences and the HI property of Xd 

In this section we define the dependent sequences which will be used for the 
proof that the spaces Xo, are HI. The main goal is to prove Lemma 15.41 and 
then to use the basic inequality to obtain upper estimates of the norm for certain 
averages of block sequences (Proposition 15. 5p . As a consequence, we obtain that 
the space X^i is Hereditarily Indecomposable. 

Definition 5.1. Let C > 1 and j > 2. A double sequence x = {xk, ^^^'^ 
to be a (C, 2j — 1) dependent sequence provided there exists a sequence {ikfl^J^i^ 
such that 

(i) The sequence {x*j,flj^^^ is a 2j — 1 special sequence (Definition 13. 4p with 
w{x*f^) = m2j^. for each k. 

(ii) Each (xkjX'l) is a {C,2jk) exact pair. 

"2 j - 1 

For X as above we shall denote by (p^ the functional cj)^ — ^ ^ x^. Observe 

^ k—l 

that (j)^ eK^^-^ CD (Remark |33i;iii)), hence <l. 

Remark 5.2. From Definitions 13.41 14.151 and 15.11 and the growth condition con- 
cerning the coding function a, it follows that when {xk,xl)2^^^ is a {C,2j — 1) 
dependent sequence, the sequence {xk)'^.^i^ is a (3C, — — ) RIS. 

Lemma 5.3. Let f C D and let x = {xkjxD^j^i^ be a {C,2j — 1) dependent 
sequence. Then for any subinterval / of the interval {1, 2, . . . , n2j-i}, we have that 

\{f ■ 0^)(^(-l)'=+ix,) I < ^— ■ #(/) + 2C ■ Q2,-i. 
kei "^2j-i 

Proof. We fix a tree {fa)aeA of the functional / (Definition EHJ) . For each a E A 
we set Wa — n{'"^(/^) ■ /3 G .4, /3 -< a, //3 is of type I }. We consider the following 
subsets of A. 

Vq = {a E A : fa is of type and Wa < "i2j-i } 

Vi = {a e A : fa is of type I, Wa < TO2j-i and w{fa) > m2j-i } 

= {a £ A: fa is of type or of type I, Wa > m2j-i and 

for every (3 < a with fp of type I, < m2j-i and w{f[}) < m2j-i}. 

We set P = Po U Pi U P2 and S = {/3 e : there exists 6 eV with /? ^ S}. The 
following properties hold. 

(i) The sets Vq, Pi, P2 are pairwise disjoint. 

(ii) The nodes of V are pairwise incomparable with respect to the order of A. 
Moreover, the set P is a maximal subset of A with this property. In order 
to see the later it is enough to show that every branch of the tree A contains 
a member of P. Indeed, fix a branch of A and let oq -< ai Ofc be the 
members of this branch for which the corresponding functionals are of type I 
or of type 0. If the set {i G {0, 1, . . . , fc} : Wa^ > rn2j-i or w{fai) > m2j-i} 
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is nonempty and io is its minimum then G V, while if this set is empty 
then flfc G V. 

Thus S is a complete subtree of A, while a node /3 G S is maximal of B if 
and only if /3 G P. 

(iii) For every S ^ T> the set {/3 G S : (3^6 and /^g is of type 1} has cardinality 
at most log2(m2j-i). Indeed, let {/3o ^ /5i ^ ■ • • ^ f^d-i} be the later set. 
Then Wf3^_^ < m2j-i and since Wf3^_^ = w{ff3„) ■ ... ■ w[Jp^_^) > 2'*"\ it 
follows that d — 1 < log2 (7712^-1), therefore d < log2(m2j_i). 

(iv) For every (3 G B with (3 ^ T), such that the functional fp is of type I, it 
holds that w{fp) < TO2j^i. It follows from CoroUarv 13.91 that the node 
(3 G B has at most ^2^-2 log2("72j-i) immediate successors. 

Using arguments similar to those in the proof of Lemma 14.51 we may prove the 

d 

following. The functional / takes the form f — ^ \ifi as a convex combination, 

i=l 

such that for each i there exists a family of functionals {fp)p^iji^ indexed by a finite 
tree B^ and an order preserving map : — > S with the following properties. 

(v) The tree B'^ has a unique root G C and f^ — fi. 

(vi) For every maximal node (3 E B^ , ^''{[3) is a maximal node of B (and thus 

G V) and Pp = U,^py In particular, G D. 

(vii) For every a G B^ which is non-maximal, the functionals and /$i(a) are 
of type I with w{fl) = and #5"^ = #S^^(^a), where SI is the 
set of immediate successors of a G /B* and denotes the set of immediate 
successors for a 7 G B. Thus = T^{fp,+- ■■ + f}3,) with < • ■ • < /^^ 
and d < 712^-2 log2(™2j-i) (see property (iv) above). Moreover, defining 

= n{^(/a) • a G 'S*, a -< /?} for each (3 G S\ we have that = 

(viii) Denoting by Bl^-^^^ the set of maximal nodes of the tree S*, the functionals 
ifhheBi^^^ are successive and / = J2 -^f})- 

We notice that for a G B^ which is non-maximal, the functional fp may not belong to 
the norming set D of the space Xd, but certainly belongs to the unconditional frame 
of the space, i.e. to the minimal subset of coo(N) which contains {±e* : n G N}, is 
closed under the {Anj, operations and is rationally convex. 

From properties (iii), (iv), (vii) and the fact that the map is order preserving 
we get the following. 

(ix) The cardinality of the set B^^-^^^^ of maximal nodes of B'' does not exceed the 
number Q2j_i = (n2j-2 log2(m2j-i))'°S2(™2,-i). 

d 

Since the functional / equals to the convex combination ^ Xifi, in order to 

prove the lemma, it is enough to show that for each i G {1, . . . , d}, it holds that 

AC 

(4) u ■ </>x)(E(-i)'^'^Oi < ^— • m + 2c ■ Qy-i. 

kei "^2i-i 

We fix i G {1, . . . , d} and we set Ep — ran(/^) for each (3 G Bl-^-^^^. We partition the 
interval / as follows 

h ^ {k e I : EpC] Ta,n{xk) ^ for at most one (3 G Bl^^^} 

I2 ^ {k e I : Epn ran(a;fe) 7^ for at least two /3 G ^max}- 
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For each /3 G Bl^^x '^^ set Ip — {k & Ii : Ep Ci ran(a;fc) ^ 0}. We observe the 
foUowing. 

(x) Each Ip is an interval and the intervals {Ip)f}<zj}i are pairwise disjoint. 

(xi) For each (3 G S^iax have that Ep ran(a;fe) ^ for at most two k € I^- 
For p = 0,1,2 we set S^^^ = {a G SJ^ax '■ ^^{a) e Vp}. Observe that the sets 
'^maxj 'Smaxj '^max form a partition of .Bnjax- The proof of (jH) (and the proof of the 
whole lemma) will be complete after showing the following. 



(5) l(/.-0x)(E(-l)'^'^^OI < C.Q2,_i 

fce/2 

1 on 



"IS.. -I 



1 2r^ 

(7) i(( E it/^)-'/'x)(E(-i)'^'^^oi < ;^-#(^) 

(8) |(( E ^/^)-'/'x)(E(-l)'^'^''OI < C.Q2,-i. 



Let us first prove ([5]). From properties (viii), (ix), (xi), the fact that ||a;fe|| < 2C 
and since fp-x%€D for each (3 S ^^max ^^'^ ^ach k, we get that 

i(/.-</'x)(E("i)'^'^'=)i ^ E ^i(/^-<^x)(E(-i)'^'^'=)i 

/3esj,„^ P fee/2 

< E Ei(/^4)(xfe)i 

< ^^•#(B;„,J.2.max||xfc|| 

m2j-l k 

We pass to the proof of ([6]). From (vii) and from the definitions of Bl-i^^^^, 2?2 we 
get that for k G Bli^^y. it holds that = if$i(/3) > m2j-i. From this and from the 
fact that the sets {Ip)f}^B^ are pairwise disjoint subsets of /, we get that 

i(( E ^/^)-^x)(E(-i)'^'-^)i ^ E ^;r^Ei(/^4)(^fe)i 

< ^— E Eii^'^ii 

Too, 1 

< ■#( U 



m2,_i 



Next we show ([7]). From the fact that each {xk,xl) is a {C,2jk) exact pair, it 
follows that for every /3 e we have that |(4-4)(a;fe)| < C{^^^Pj^ + ^) < 
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g( mj!im.,, + ^ (we have used that «;(/^) = > ma^-i as 

follows from (vii) and from the definitions of /B*\^xi This implies that 



< 



1 ^ — ^ ^ — ^ 2C 



< 4^ •#(/). 



Finally, we shall show ([5]) . For each (3 £ S^ax the functional is of the form 
= iXJ^ for some interval J/j. Taking into account that Ip is an interval and 

that x1{xk) = 1 for each fc, setting ki = min/^, A;2 = max/^ and I'^ = Ifj \ {fci, fc2}, 

we get that 

i(/^'^x)(E(-i)'^'^'')i ^ ^— (ii^^.ii + l(E^^)(E(-i)'^'^'')l 



fce/^ "''^^ ^ fce/' fee/' 



-Ikfcsll) 



< ^.(2C+1 + 2C) = 1^. 
m2j-i rn2j-i 



Hence, 



i(( E ^/^)-'/'x)(E(-i)'^'^^)i ^ E -^i(/^^x)(E(-i)'^'^'=)i 

From ([5]), ([6]), (O, ([8]) we get ([4]) and this completes the proof of the lemma. □ 

With the next lemma we pass from the action of products of the form / • 0^ for 

f G D on the vector ^ (— to the action of / • (/> for f € D and arbitrary 

kei 

(f) K with w{(j)) ~ TO2j-i on the same vector. 

Lemma 5.4. Let / G £>, let G K'^^^^ (which means that ip is of type I with 
w{(j)) — m2j-i) and let x — i^k,xl.)^^^^ be a (C, 2j — 1) dependent sequence. 
Then for every subinterval / of the interval {1, 2, . . . , n2j-i}j we have that 

|(/ . <l>){J2{-l)'^+'x,)\ < ^— ■ #(/) + 3C ■ Q-2,-1. 

Proof. We may assume, without loss of generality, that the functional / is either 
of type I or of type (since every member of D is s convex combination of such 
functionals). The functional (jj takes the form 

<^ = -^—{Ex; + + • ■ • + x;_i + fr + fr+l + ---+fd) 

m2j-i 

where {xl,X2, - ■ ■ , x*_^,fr, fr+i, • • • , /naj-i) is somc 2j-l special sequence, w{fr) = 
w{x*), fr ^ X*, d < n2j-i and E is an interval of the form [m, maxsuppx^]. We 
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set 



01 = — - — {Exl + x*-^ H h xl_-^) and 02 = — - — (/r + fr+i H h /<j)- 

We observe that 01-/ = {:^^^:^{xl+X2-\ ha;;2^._ J)-X[min£;,maxsuppa:*,_j7 = 0x'^ 

where /i = XfminB.maxsuppa;' J ' / G From Lemma 15.31 it follows that 

AC 

(9) |(/ ■ 0i)( < -4— ■ + 2C ■ Q2,-i. 

kei ""2^-1 

We select p such that w{Xp_i) < w{f) < w{x*) (the adaptations in the rest 
of the proof are obvious if no such a p exists). From the injectivity of the coding 
function cr and the definition of special functionals (Definition I3.4p we get that the 
sets {w{fr+i), . . . , ^^{fd)} and {'w{x^) : fc = 1, . . . , n2j-i} are disjoint and both are 
subsets of the set {m2i : i G N}. 

Let k G I, k < p — 1. Then for every i E {r, . . . ,d} we have that w(/ • fi) > 
w{f) > w{x*_i) > W2j^, hence, using that {xk^xD is a {C,2jk) exact pair, we get 
that |(/ • f^){xk)\ < C('-^P^ + ^) < Thus 

1 1 2C C 

Let now k I , k > p, k ^ r. We observe that for z such that w{fi) < m2j^ 
we also have that w{f ■ fi) = w{f) ■ w{fi) < m2j^ ■ n^2jfc-i < ^2jk- Thus setting 
= {i : r < i < d, w{fi) < m2j^}, J'l ^ {i : r < i < d, w{fi) > m2j^} and 
taking into account that {xk,xl) is a {C,2jk) exact pair, we get that 

l(/-02)(xfe)| < -^(^|(/./,)(xfc)|+^|(/./,)(xfe)|) 



< 



< 



< 



^1,-1 ' 



Thus, setting /i = / n {p — r} and I2 = I \{p — l,p,r} we get that 

(10) i(/ ■ 02)(E(-i)'^'-'=)i < E ii^-^ii + E 6c + . #(/). 

feG/ fce/i fee/2 2j-i "^2^-1 

From ini), (flOl) we conclude that 



|(/ • 0)(^(-l)'=+ia;Ol < 4^ • #(/) + 3C • Q2,-i. 



fee/ 



□ 
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Proposition 5.5. If {xk,xl)i.J^ is a (C, 2j — 1) dependent sequence, then 
Proof. From Remark 15.21 we get that the block sequence {xkY^l^i^ ^ {'^^^ — ) 

2j - 1 

RIS, hence the same holds for the sequence ((— l)'^+^a;fc)^Jj'j^\ From Lemma [5.41 
we have that for every h e K'^^^^ ■ D and every subinterval / of the interval 
{1,2,..., n2j-i} it holds that 

kei ""2^-1 
Hence for h and / as above, with #(/) > m\^_iQ2j-i, we have that 

kei ""2^-1 



Thus the basic inequality fProposition I4.8]l with the additional assumption is ap- 
plicable to the sequence ((— ^J^^^ • 

Let f E D. Then there exists g e W, satisfying 

"23-1 n2j-l 

and such that the functional g admits a tree (ga)ae-4 that for every a A with 
ga of type I and 'w{ga) < "^2j_iJ the node a has at most m\j_-^Q2j-i immediate 
successors. From Lemma HTTl it follows that 

therefore 



Since this happens for every / G -D the conclussion follows. □ 

Theorem 5.6. The space Xd is Hereditarily Indecomposable. 

Proof. Let Y, Z he a. pair of block subspaces of Xd, and let S > 0. We choose 
j GN with TO2j-i > ^. 

Using Lemma [4.161 we may inductively select a (4, 2j — 1) dependent sequence 
{xkjxD^j^^^ (Definition 15. ip such that a;2fe-i £ Y and X2k £ Z for 1 < k < "''^'^ . 
We set 

^ n2j-i/2 _^ n23-i/2 



E ^2fc-i e and z = E ^2fe e ^■ 



"2i-i ^ n2j-i 



k=l 



"23-1 

Since the functional 0^ = — ^ — ^ x^, satisfies ||0xll — 1 '^'^ S'st that ||j/ + z|| > 

m23-i 

(pxiu + z) — ^ . On the other hand Proposition l5.5l implies that Hy — z]] < ^^^^^ — . 
Therefore ||?/ — z||<(5-||y-|-z|| and this finishes the proof of the theorem. □ 
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6. The Banach algebras X^, £diag(X_D) are HI 

In this section, we initially prove that the space (Xd)* — span{e* : 7i G N} is HI. 
This, in conjunction to the fact that dmi(X*jj/ (Xd)*) = 1, entails that is also 
HI. From Proposition 13.131 we know that the Banach algebras CdiagiXo) and 
are isometric, hence CdiagiXo) is also HI. We also notice (as follows from Remark 
12. 6p that the algebra /CdiaglXc), i-c. the algebra of compact diagonal operators on 
the space Xd, is isometric to the space (X^i)*- 

Definition 6.1. Let C > 1 and fc e N. A finitely supported vector x* G (X^i)* is 
said to be a C — Cq vector if || < 1 and x* takes the form x* = + + • • ■ + 
with xl < X2 < ■ ■■ < xl and ||a;*|| > C"^ 

Lemma 6.2. Let Z be a block subspace of {Xd)* and let iV G N. Then there 

exists a block sequence in Z with || > 1 such that for every / G 

and every choice of signs (ei)ie/ G {—1, l}'^ we have that || J2 ^nXnW < 2. 

nei 

(For an infinite set L we denote by L^^^ the set of all subsets of L having N elements 
and by [L] the set of all infinite subsets of L.) 

Proof. Assume that the lemma fails. We select s,j with 2'^ > m2j and < n2j- 
We shall denote by Nq the set {0,1,2,...}. We choose an arbitrary normalized 
block sequence (/f )ieNo in the block subspace Z. 
We set 

A^ = {Le [No], L = {k: IE No} : V(£.)£o' e {-1, 1}^, II E ^»/°ll < 
= {LG[No], L = .gNo}: 3(£,)^-1g{-1,1}^, \\J2eJ?J\>2}. 

1=0 

From Ramsey' s theorem, there exists a homogenous set L either in Ai or in Bi. 
Our assumption on the failure of the lemma rejects the first alternative, hence the 
homogenous set is in Bi. We may assume that L = No. In particular we get that 

(ri+l)Af-l 

there exist G { — 1,1}, i G No, such that setting /,-^ = ^ ^ifi, n E Nq, we 

i=nN 

have that \\f^J > 2 for all n. 
We set 

JV-l 

A2^{Le [No], L = {k: ^eNo}■. V(e.),=o' ^ {-1, U^, II E '^fi.W < 

i=0 

B2 - [No]\^2 

N-1 

= {LG[No], L = {;, : zGNo}: 3(e4^olG{-l,l}^ 1| E ^ J/- II > 2'}- 

i=0 

Again, the homogenous set L resulting from Ramsey' s theorem can not be in A2, 
since then the sequence {^fn)n£L would satisfy the conclusion of the lemma and 
this contradicts to our assumption that the lemma fails. As before, we may assume 
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that L ~ No; wc choose e} £ {—1,1}, i G No, such that the functionals = 

(n+l)JV-l (n+l)Af^-l 

E £1/1, neiVo satisfy ||/2||> 22. Notice that /2= ^ e°eLJ°. 

i=nN i=nN^ 

After s consecutive apphcations of the same argument we obtain a block se- 

(n+l)Af=-l 

quence {f^)n£No with ||/^|| > 2" such that = X) ^iff ^^"^ some sequence 

i=nN=' 

of signs ((5i)igNo- Taking into account that < n2j, Remark 13.51 imphcs that 

(n+l)Af=-l 

E S,ff\\ < 1, i.e. ||/,t|| < m2j. We thus get that 2^ < ||/,t|| < ms, 

which contradicts to our choice of s,j. The proof of the lemma is complete. □ 

Lemma 6.3. Let Z be a block subspace of (Xd)*, e > and k G N. Then there 
exist z* a 2 — Cq vector with z* Z and z a,2 — £'l average such that ran z* = ran z, 
z*{z) > 1 and ||z||g < £■ 

ProoL We choose d with f ■ ^ < £ and we set = fc • {2d). Applying Lemma 
we select a block sequence (a:*)„gN in Z, with |ja;* || > ^, such that for every subset 
/ of N with A^ elements and every choice of signs € {—1, l}''^ we have that 

II ^n^nll ^ 1- For each n, we select a;„ € Xd with ranx„ — rana:*, ||x„|| < 1 

riG/ 

and a;* (x„) > i. We notice that for every subset / of N with A^ elements and every 
choice of scalars (A„)„g/ we have that || ^ A„a:„|| > J2 \^n\, due to the action 

of the functional ^ ^ns;^, where e„ = sgn(A„). 

We may assume, passing to a subsequence, that the sequence (a;„)„gN is weakly 
Cauchy in Yq, hence the sequence of its successive differences, i.e. the sequence 
(2/n)nGN defined as y„ = X2n-i — is weakly null in Yq- We notice that the 
extreme points of the unit ball of the dual space By^ are contained in the set 

= {±x_E : -E is an interval of N}. Thus in order to check the behavior of a 
block sequence in the weak topology in Yg, it is enough to check the action of ±xn- 

oo 

Passing to a further subsequence we may assume that ^ \xn{yn)\ < |- 

Tl=l 

rn 

We claim that || ^ ^iVki ||g < f for every to G N, /ci < ■ • ■ < A:™ in N and every 

i=l 

choice of signs ei, . . . , £,„ G {—1, !}• Indeed, let E be any finite interval. We denote 
by r (resp. s) the minimum (resp. maximum) integer i such that E n rany/j^ ^ 0. 
Then for r < i < s we have that XE^Vki) — XtiiVki) hence 

m s— 1 

|XB(^£»2/fcJ| < ||£;y.||G + |xN( ^ £»yfcJ|| + ||£^j/s||G 

i—l i—r+1 

s-1 

< ||a;2r-l||G + ||2;2r||G + ^ IXtiiVk,)] + \\x2s~i\\g + \\x2s\\g 

oo 

< ||a;2r-i|| + ||a;2r|| + ^ Ixn(2/«)| + ||a;2s-i|| + ||a;2s|| 

n=l 

1 9 

< 1 + 1 + - + 1 + 1=- 

(with the obvious adaptations in the previous proof if r = s — 1 or r = s). 
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For i — I, . . . , k we set 

id ^ id ^ id 

z* = i^*2i-i"^*2i) and Zi = - y^^d 5Z ix2l-l~X2l). 

i = i = (i-l)d+l ;=(i-l)!i+l 

For each i we have that ||z*|| > || — a;2i(ill 5 {due to the bimonotonicity of the 

norm), ||z,|| < i £ (||x2;_i || + ||a;2/ 1|) < 2, while 
i={i-i)d+i 

1 J'^^ 1 9 

\\z^\\G<^\\ Y {x2l-l-X2l)\\G<^-^<e. 

l={i-l)d+l 



We also have that 



^ id 1 1 1 

l={i^l)d+l l={i-l)d+l 

and ran z* = ran . 
Finally, we set 

z* = z* and ~ 5Z 

i=l 1=1 

The fact that the functional z* is the sum of k ■ {2d) = A'' functionals ±x* and 
our initial choice of the sequence sequence (x,*)„gN, imply that < 1 while, 

since \\z*\\ > ^ for each i, we get that z* is a 2 — Cq vector belonging to the block 

k 

subspace Z. We also have that z*{z) — ^ ^ii^i) > 1 and ranz* — ranz. Since 

1=1 

||z|| > z*(z) > 1 and ||zj|| < 2 for z = 1, . . . , A: the vector z is a 2 — average, with 
\\z\\G<lJ:\\z.^\G<e. a 

i=l 

Corollary 6.4. Let Z he & block subspace of (Xd)*, k E N and e,S > 0. Then 
there exist z a 2 — ^ J average with ||z||g < e and f E D with dist(/, Z) < S, such 
that ran / = ranz and /(z) > 1. 

Proof. Let z and z* be the 2 — £i average and the 2 — Cg vector respectively 
resulting from Lemma 16.31 Since the norming set D is pointwise dense in the 
unit ball of the dual space, we may choose f E D with ran/ = ranz* such that 
11/ — z*|| < min{(5, ^ ^2^~^ }- It is easy to check that z and / satisfy the conclusion 
of the corollary. □ 

Lemma 6.5. Let Z be a block subspace of (Xd)*, j ^ N and 6 > 0. Then there 
exists a (4, 2j) exact pair (z, z*), with dist(z*, Z) < 6. 

Proof. Using Corollarv l6.4l we may choose a sequence (zfe,z^)fegN such that: 

(i) The sequence {zk)keN is a block sequence in Xd with llzi:!!^ < and 

each Zfe is a 2 — i^^'' for an increasing sequence {jk)k- 

(ii) z*eDwithdist(z*,Z)<4-. 

(iii) ranz^ ~ ranzfc and zl.{zk) > 1. 
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From Remark 14.131 we may assume, passing to a subsequence, that (2;fc)^l\ is a 
(4, ^) RIS. We set 

z* = —{zi + z; + --- + z*). 

Then the functional z* G _D is of type I, with w{z*) = m2j and dist(z*,Z) < 
-2-J2distiz*,,Z)<6. 

k—l 

From Corollarv l4.91 for / G 13 of type I, we have that 

i/(— y 2fe)i < I 

^^^ti 14(^ + 4) if-(/)>-2,. 

n2j 

In particular ||— ^ Zfe|| < — On the other hand 

^ /c— 1 ^ 

1 1 1 1 

Thus there exists 9, with | < 6* < 1, such that z*{e^ J2 ^k) = 1- We set 

"'^^ k=l 

7712, 

z = 6* — '-{zi + Z2 H h z„ .). 

Then z*(z) = 1, ||z||g < ^ E ll^fcllc < while for / G i3 of type I we have 

' k=l 

that 

-ifj) if ^^(/) < ™2j 

i/wi < : 

Therefore (z, z*) is a (4, 2j) exact pair fDefinition l4.15p with dist(z*, < S. □ 

Theorem 6.6. The Banach space (Xd)* is Hereditarily Indecomposable. 

Proof. Let y, Z be a pair of block subspaces of {Xd)* an let j G N. Using Lemma 
16.51 we may find a (4, 2j — 1) dependent sequence (xk , xl)l^J[' (see Definition EM 
which satisfies dist(a;2fe_i, y) < 1 and dist(a;2fc, .Z') < 1. 

k k 

We set 

^ n2j-l/2 ^ n2j-i/2 

y* = Y] x^k-1 and z* = V a;^fc. 

"2j-l 

The functional (j)^ = ^ ^ x^. satisfies \\4>x\\ ^ 1 i-C- ||y* +2*11 < 1- 



Proposition [13] entails that 11^— Y] (-l)''+^Xk\\ < while 

n2j-i ™2j-l 

n2j-l 

(y* - z*){^^ i-ir+'x,) = therefore - z*|| > 

k—l 

Selecting /r G F with - y*|| < 1 and fz E Z with \\fz - z*\\ < 1, we 

^2j- 

96 



. 96 

' with ll/y - y*|| < 1 J 
get that ll/y + /z|| < 3 and |l/y - > "^qr^ - 2. Since this procedure may 
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be done for arbitrary large j, we conclude that the space (Xd)* is Hereditarily 
Indecomposable. □ 

Theorem 6.7. The Banach algebras X}^ and Cdia.g{XD) are Hereditarily Indecom- 
posable. 

Proof. From Proposition 14.181 the quotient space X}j/{Xd)* has dimension equal 
to one. Thus the fact that {Xd)* is Hereditarily Indecomposable (Theorem 16. 6p 
implies that (Xd)* is also Hereditarily Indecomposable (see also Theorem 1.4 of [5]). 
As CdiagiXD) is isometric to we conclude that the Banach algebra £diag(^D) 
is also Hereditarily Indecomposable. □ 

Remark 6.8. Let Xo.r be the Banach space defined similarly to the space Xd, 
with the only difference concerning the first inductive step of the definition of its 
norming set, replacing the set G = {±x/ : / is a finite interval of N} with the set 
Go = {±el : fc G N}. Then the space Xz)^r is reflexive and HI while XJj ^ is an 
example of a reflexive HI Banach algebra. The reason we have included the set G 
in the norming set D of the space Xd, is in order to apply Theorem 12.41 and to 
obtain a HI Banach algebra of diagonal operators. 

Theorem 6.9. Every diagonal operator T : Xd ^ Xd is of the form T = XI + K 
with the operator K being compact. 

Proof. From Remark 12.61 the isometry <i> : X}j CdiagiXD) of Theorem 12. 4[ 
carries the predual space (Xd)* onto the space /Cdiag(^D) of compact diagonal 
operators of the space Xd- But since (Xd)* = (Xd)* ® spanjxn} and $(xn) ~ I 
we get that Cdmg{XD) = ACdiag(X_D) © span{/} hence every diagonal operator T : 
Xd ^ Xd takes the form T = XI + K with K being a compact operator. □ 

Remark 6.10. Since Xd is the dual of the space (Xd)* = span{e* : n G N}, 
observing that every T € CdiagiXo, (era)nGN), being w* — w* continuous, is a dual 
operator, we get the following. The correspondence 

^diag{{XD)*) 3 R > R* G ^diag{XD) 

is an onto isometry, while, restricting this correspondence to the subalgebras of 
compact diagonal operators, we obtain that /Cdiag((XD)*) is isometric to /Cdiag(X_D), 
which in turn is isometric to (Xd)* (Remark 12. 6|) . Thus we have established the 
existence of a Banach space Y with a Schauder basis (namely Y = (Xd)* with the 
basis (e*)„gN) which is naturally isometric to the space /Cdiag(^) of its compact 
diagonal operators, with the last being of codimension 1 in CdiagiY)- As we have 
noticed in the introduction, since the basis of Y is shrinking, the space £diag(^) is 
naturally identified with the second dual of /Cdiag(^) ([18]). 
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